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Abstract 
Implementation of HSE second order derivatives 
by 
Jacques Normand 
The implementation of analytic second order derivatives for the Heyd-Scuseria-
Ernzerhof (HSE) Density Functional Theory method in the Gaussian code allows 
the calculation of experimentally important properties such as static polarizabilities 
and excitation energies. This newly developed functional has been proven to deliver 
similar results faster when compared with the non-screened Perdew-Burke-Ernzerhof 
hybrid (PBEO). In the case of a crystalline system, an average deviation of 0.3eV 
for the band gap has been observed on a test-set of 40 semi-conductors. The reason 
behind this remarkable accuracy is discussed by comparing values from the traditional 
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On the road to accurate Kohn-Sham density functional, the exchange and cor-
relation term has always been the difficult part. It is the portion which focusses 
most attention and it makes or breaks the final result. Several levels of theory have 
been developed and organized in rungs; among which the so-called hybrid functionals, 
which make use of a part of Hartree-Fock exchange. 
Hybrid functionals are known to be among the most accurate, using the non-
locality of the theoratically exact Hartree-Fock potential to their advantage. They 
also present challenges: a higher computational cost and some convergence issues on 
extended metallic systems. Both of these problems are linked to the slow 1/r decay 
of the Coulomb potential. 
Screened hybrids, and HSE in particular, have had a large success fixing these 
issues while conserving the benefits of adding a Hartree-Fock like potential. The use 
of a screened potential for the Hartree-Fock construction allow for the separation of 
short-range and long-range parts and to extract the benefits of the former without the 
drawbacks of the latter. The work presented here, follow the published expressions for 
HSE and make a few adjustments in order to implement analytic second derivatives 
of the energy. These derivatives give access to response properties. 
2 
The first property studied will be static polarizabilities. This step will allow for 
the validation of the HSE expression and the production of a standard result set for 
this implementation of HSE. 
One of the main success of HSE is energy band gap calculation for crystals. Which 
is a first excitation energy. Therefore a better study of excitations with TD-DFT, 
is a natural next step. The comparison of HOMO-LUMO energy differences with 
TD-DFT excitation energies will be carried out in both molecular and crystalline 
systems. 
As a result of this work, TD-DFT along with static and dynamic polarizabilities 
as well as quadratic convergence are now available for HSE03 and HSE06 for Gaussian 
Development version el and subsequent versions. The tables produced in appendix 
represent the values obtained with that code. 
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Chapter 2 
Implementation of the analytical second 
derivatives 
The Heyd-Scuseria-Enzerhof functional has been recently developed to make use 
of a screened Coulomb potential in the calculation of the exchange energy [1]. Its first 
implementation has been followed by a reevaluation of its parameters[2, 3] and we 
will refer to these implementations as HSE03 and HSE06 respectively. 
2.1 HSE's structure 
The functional is based on the same structure as the hybrid PBEO (Perdew-Burke-
Enzerhof) [4], but introduces a part of Hartree-Fock exchange only at short range. The 
hole expression for PBE[5] is used and integrated with a screened Coulomb operator 
in order to split short and long range. 
E[p]= felda(p)xF(p,s)dr (2.1) 
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F(p,s) = --J yxJ(s,y)dy (2.2) 
J( . ,y) = e x p ( - ^ ^ . ^ ) ) . [ y M l + - ^ ^ 2 ) (2.3) 
+ ( 4 + B + (1 +
 5
2
.F(S)).(C.y2 + £.y4)). exp(-L>.y2)] (2.4) 
In order to implement analytic second derivatives for HSE, two separate aspects 
are worked on: the screened Hartree-Fock and the integrated hole. The analytic 
derivatives for the former can be easily obtained with the implementation of PRISM[6] 
used in Gaussian so we will focus the rest of this work on the derivation of the DFT 
side of the functional, the PBE hole integrated with a screened Coulomb operator. 
The implementation of DFT part of HSE already present in the development 
version of Gaussian has been implemented by sections. Both the numerical and 
analytical complexity of the screened expression renders the implementation of a 
single expression very difficult; to obtain a maintainable code, each expression is 
derived independently and care is taken to maintain continuously derivable transitions 
between them. 
These requirements on the implementation mandates a few changes to the expres-
sions already published[l]. This is done in a way which minimizes the differences with 
the previous versions. 
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2.2 Introduction of the new derivatives 
The first necessary change concern the explicit Lieb-Oxford bound [7], introduced 
with HSE03. The expression used is not continuously derivable. The discontinuity 
is minimal for the first derivative, but new expression has to be chosen for the im-
plementation of the second. The expression from Equation 2.5 satisfies the necessary 
conditions which are: 
• maximal value smax for large s values 
• nearly linear behavior for low s values 
• smooth and continuous transition between the two regimes at all the derivatives. 
Sbound(s) = s — log(l + exp(-sexp)) (2.6) 
The parameter s m a i = 8.572844 remains unchanged to keep the same upper limit, 
but the rate is a compromise between a tight fit with the previous expression and 
a slower transition which will have a smaller profile on the higher derivatives. The 
value of 1.0 has been chosen in that way and Graph. 2.2 presents the differences. 
The second modification to the functional does not concern the mathematical 
expressions themselves but their implementations. Several sections of the original 
6 
(a) transition expression (b) 1 s t derivative 
(c) 2n d derivative (d) 3 r d derivative 
Figure 2.1 : The construction of an alternative expression for the Lieb-Oxford bound, 
comparison of the two expressions for the first three derivatives 
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expression make use of polynomial fits, up to the 8th order. The composition of 
those polynomials coupled with the additional terms collected through the successive 
derivations render their implementation difficult. A large numerical noise is visible at 
the second derivative, even with double precision arithmetics. This can be solved by 
developing the expressions and making heavy use of the Horner scheme for the result. 
The end result has been verified numerically. The comparison of numerical deriva-
tives with the analytical expressions is at the noise level of the numerical derivation 
and the discontinuities between zones stay at or below the expected noise level for 
the implementation. 
2.3 Verifications of the expression 
Since the original expression is slightly different, the new parameter rate has to be 
validated, by comparing the news results with those given by the previous implemen-
tation of HSE03. This is done on a set of properties directly dependent on the energy 
or different order of derivatives. The term Aimpi refers to the difference between the 
results from the new code presented here and those from the previous one already 
published. To allow comparison, the term Aref will also be presented. It refers to the 
difference between the results of the new code and the reference value available for 
each benchmark. The detailed value for each system are presented in Appendix A. 
The first set of values compared are directly dependent on the energy. Even if the 
first derivative is used during the SCF preparation of the density, the total energies 
N MD MAD RMS Std Dev. 
8 
L^impl 




























Table 2.2 : Changes to enthalpies of formation on the G3 set (kcal/mol) 
and enthalpies of formation do not directly depend on their expression. 
The calculated total energies are systematically shifted, this is due to the change 
in the Lieb-Oxford bound expression. But this change influences a region far from the 
valence region, so the changes are similar between molecules and energy differences 
are mostly unchanged. This is also true for molecules with a very low ionization 
potential (like Li2 or Nas) and therefore a slowly decaying density. The results can 
be seen on Tables 2.3 and 2.3 
The next property makes use of the first derivative of the density. The calculation 
of forces and equilibrium geometries of the T96R set of 96 molecules. The good 
results of the previous implementation of HSE03 are kept with variations at the level 
of noise ( 10~3a.u. ). 
Since the implementation did achieve the requirements for the already present 
analytical first derivatives, the newer part is being analyzed. Vibrational frequencies 




N MD MAD Max Min 
82 -0.009 0.033 -0.1 +0.2 
82 -0.004 0.048 -0.3 +0.3 
Table 2.3 : Changes to the vibrational frequencies of the T82 set of molecules 
between the two implementations. The term Aimpi will refer to the difference between 
the numerical derivation for each implementation and it will be compared to Anum 
which will refer to the difference between analytical and numerical calculation with 
the present implementation. At last A r e/, will stay the difference of the analytical 
frequencies calculated with the present implementation with the reference values. 
The results shown in table 2.3 express the limited effect that the change in im-
plementation had on the calculated frequencies. In particular, one can realize the 
importance of numerical noise accumulated in the numerical derivation when com-
paring results between the two implementations. 
We can therefore be satisfied that the new implementation and slight change 
to the energy expression of the functional do not alter its traits and qualities. No 
appreciable differences have been observed with implementation differences in the 




Static polarizabilities are the first of the newly available properties to be studied. 
They are considered representative of the performance of HSE03 for static response 
properties in both molecular and crystalline systems. A reference value calculated 
with finite field or numerical derivation is available in all cases [8]. 
3.1 Polarizabilities for the molecules of the G3 set 
The G3 set contains 223 molecules chosen to be representative of the systems usually 
encountered in molecular calculations. As mentioned earlier, this set is commonly 
used in heat of formation benchmarks [9]. Due to its broad composition, I have chosen 
the same set for this polarizability test case. But, as opposed to heat of formations, 
experimental values is not readily available for all the systems of this set, particularly 
for radicals. Therefore, the value from MP2 will be used as a reference to compare 
the other methods with. 
The results presented in Graph 3.1 summarize the results for a set of methods, 
namely Hartree-Fock, PBE, HSE03, PBEO and MP2. And one can see that for most 
systems, the results are similar. The close up view reveals the fact that for most 




N MD MAD RMS Std Dev. 
223 -0.27 0.27 0.65 0.59 
219 0.30 0.89 2.48 2.47 
Table 3.1 : Comparison of G3 static polarizabilities (a.u.) for PBE0 HSE03 and MP2. 
in 3ag state is one example. 
This argument is summarized in Table B.l. Where the mean absolute difference 
between HSE03 and PBE0 is significantly smaller than the same difference with the 
reference, MP2. The change in standard deviation and root mean square value also 
show a significantly more similar value between PBE0 and HSE03 rather than MP2. 
At last, the average difference show a pretty systematic shift in value when removing 
the long range exchange, emphasizing the fact that static polarizabilities do not seem 
to grow from large inter electron distance regions. 
3.2 Polarizability of the hydrogen chain 
One archetypal case is taken as an example of periodic 1-dimensional system, the 
hydrogen chain. By using two H atoms in one unit cell, fixing their positions and 
changing the translation vector, a wide range of behavior, from metallic to insulator 
can be observed. 
The periodic system's collinear polarizability is calculated through finite field dif-
ferences and reported in Graph 3.2. One can observe that a significant difference 
in polarizability between HSE03 and PBE0 results only exist for smaller band-gaps 
12 
300 400 500 
Reference Polarizability (a.u.) 
800 
240 260 
Reference Polarizability (a.u.) 
300 
Figure 3.1 : Comparison of static polarizabilities from several methods with Hartree-
Fock as a reference. Basis-set 6-311++G(3df,3pd) 
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where a more metallic like behavior generate a very large value. The difference be-
tween the two methods always remain a very small portion of their absolute values. 
Therefore, it can be concluded that the general behavior of polarizability for 
molecules is not impacted by longer range interaction. HSE03 and PBEO give very 
similar results. The same observation seem to be applicable to periodic systems al-
























TV Length (au) 
Figure 3.2 : Co-linear polarizability of the hydrogen chain 
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Chapter 4 
Excitation Energy Calculations 
4.1 Excitat ion energies of molecules 
One of the main aspect of HSE03 and HSE06 is their accuracy when investigating 
band gaps in extended systems[10]. The traditional method used to evaluate this 
response property , the HOMO-LUMO difference, is know less accurate than the more 
expensive study of the time-dependent response of the density to a perturbation, like 
is possible with TD-DFT[11]. The implementation of second derivatives open the 
possibility for such a comparison, for both the molecular and extended system cases. 
4.2 Molecular results 
Since HSE is built using the same structure as PBEO, with the use of screened Hartree-
Fock exchange being the main difference, the set of molecules used by Adamo et 
al.[12] for the benchmark of PBEO has been reused. The following molecules: CO, 
CH33CO, acetone, ethylene, benzene, naphthalene, and pyridine geometries have all 
been optimized with PBE0/6-311G**. Various methods and basis sets have been 
used to compare HSE03's performances with the same experimental and calculated 
(CASSCF, CASPT2) values. 
From the sample results shown on Graph 4.2, one can realize that the HSE03 
16 
A series of plot with TD-DFT singlet excitations to be placed here One at each basis 
set 
Figure 4.1 : Excitation energies calculated with HSE03, PBE and PBEO for a small 
set of molecules 
results follow the same trend as those of PBEO. A similar result have been found for 
other molecular properties, and this dynamic response property follows the trend. 
In particular, the dampening seen with the pure functional PBE with higher 
excitation is not observed with HSE03, even if the screening of the hybrid part leaves 
an exponential decay for the exchange correlation potential, as opposed to the a/r 
decay of PBEO. It is yet unclear if this results are due to the moderate size of the 
molecules or if the long range decay is not the reason why hybrids fair better in these 
calculations. 
Finally, one can verify that while a larger basis-set is important for high excitation, 
the first few are well described by a moderate size basis. And these first excitations 
are often the one of highest interest for chemistry. And this is also where HSE03 and 
PBEO results are almost identical 
4.3 First excitation energies on one dimensional oligomers 
This last statement is even more important for solids. The amount of interest placed 
on the calculation of band gaps[10] or first excitation, is the proof. HSE03 has per-
formed very well in giving HOCO-LUCO differences very close to experimental gaps. 
We will therefore compare HOCO-LUCO differences with the more accurate TD-DFT 
17 
first excitations. 
Sadly, at the time of this writing, excitation energies through TD-DFT are not 
yet readily available for periodic systems. We will therefore estimate two infinite one 
dimension chains as the limit of oligomers. The hydrogen chain and the more realistic 
polyacetylene chain will be explored with HSE03. 
The H chain system used here is similar to the one used for static polarizabilities 
earlier. Two H atoms are present in in the replicated unit cell, distant of 2 a.u. but 
the translation vector is fixed at 5 a.u. The number of replicated unit cells is gradually 
increased to form longer oligomers. 
When comparing different methods for this system in Graph 4.3, two classes of 
results appear. The pure functional (LSDA and PBE) show the same limit for their 
HOCO-LUCO difference and the TD-DFT first excitation. On the other hand, the 
hybrids (PBEO and B3LYP) and HF show a gap between the two limits. And in 
every cases, the PBC calculated gap is in agreement with the limit extrapolated for 
the HOCO-LUCO gap. The fact that HSE03 behave like a pure functional, with a 
zero difference, and not like a regular hybrid can only be explained by the screening 
of the HF part. The short range screened potential decays exponentially as opposed 
to the complete one. 
The importance of this screening on the difference is exposed on Graph 4.3. While 
using short range Hartree-Fock alone, and changing the screening factor u>. The 

















0.15 0.20 0. 
(a) LSDA (b) HF 
(c) PBE (d) PBEO 
(e) HSE03 (f) B3LYP 
Figure 4.2 : Comparison of HOMO-LUMO difference (0) and TD-DFT (X) for the 
calculation of the first excitation energy of H chain oligomers. Several methods are 
compared using the 6-311G** basis set 
19 
part changes significantly. The value of UJ used in HSE03 falls in the region where the 
HOCO-LUCO is altered to almost reproduce the yet unchanged TD-DFT value. 
The fact that HF tend to correct the too small HOCO-LUCO gap given by pure 
functional is known. But this correction usually too large and the screening intro-
duced in HSE03 bring it to the smaller TD-DFT value. Which would explain why 
HSE03 gives a similar result to PBEO on molecular cases but gives a better result for 
periodic systems. 
To confirm this hypothesis on a more realistic system, the trans poly-acetylene 
oligomers have been studied. The MP2 geometry has been used inside the unit cell 
and the ends have been capped with H atoms. The experimental band gap of the 
system has been been measured at 1.5eV. 
The same procedure is used, oligomers of increasing size are observed on Graph 
4.3. And here again, similar trends are observed. For short systems, the TD-DFT and 
HOMO-LUMO results are different, but as the system grow, they tend to a similar 
result. The remaining difference being well below the 0.05eV expected accuracy. Also, 
the limit of 0.97eV for HSE is below that of PBEO (1.53eV), but higher than that of 
PBE (0.53eV). 
While this particular system has been an exception to HSE03 success, the list 
is long where HSE03 gave a correct answer. The nanotubes are an example of one 
dimensional system very well described. And the low dependence on the size of the 
basis set for large system is one more incentive to reduce the computational cost for 
20 
0.20 0.25 
(a) u = 0.01 (b) w = 0.10 
UN (hydrogens) 
(c) u = 0.15 (d) u> = 0.20 
0.00 0.05 
(e) w = 0.25 (f) w = 0.50 
Figure 4.3 : Comparison of short range HF on the H chain for different values of the 



















































Figure 4.4 : Effect of the basis set on the first excitation calculation for trans poly-




1 1 i I i I i I i I i I 
0 0.1 0.2 0.3 0.4 0.5 
1/NH 
Figure 4.5 : Oligomeric extrapolation with a semi conduction Hydrogen chain 
those large system. 
More precisely, on all the studied systems, the TDDFT excitation energy and the 
HOMO-LUMO difference cross when the system is extended. This seem to be unique 
to the screened hybrids. The Graph 4.3, compares the 3 classes on the same Hydrogen 
chain system. And there seem to be a relation between the TDDFT limit of the full 
hybrid and the HOMO-LUMO difference of the screened one. 




0.2 0.3 0.4 0.5 
°>(V> 
Figure 4.6 : Definition of a magic w, 
24 
existence of a special value for which the screened hybrid can return the value of 
TDDFT excitation of the corresponding full hybrid. The Graph 4.3 also show that 
this particular value does not vary widely when compared to the typical error bar on 
experimental excitation energies. It is also very close to the portion of Hartree-Fock 
exchange used in HSE03 and might begin to explain the remarkable ability of HSE 




The analytical derivatives implemented for HSE03 as part of this work have been 
proven valid. The necessary changes to the published implementation have been 
kept to a minimum and their results do not affect significantly the already published 
results. Only the total energies are shifted. As a result of this implementation, the 
response properties are now available for HSE, both static and time dependent. 
The performances of HSE03 have been assessed for the static polarizabilities, 
as a representative of the static response properties. The results have shown little 
dependence on the long range interaction. The results for molecular system give 
sensibly the same value as the full hybrid PBEO. The Hydrogen chain calculation 
also seem to indicate that crystalline solid calculation would follow that trend. 
The excitation energies have also been assessed. Revealing a performance similar 
to that of PBEO for molecules, particularly in the case of first singlet excitation. The 
case of the crystalline solid extend that trend though. The most prominent trait 
of HSE being its capacity to predict accurate band gaps at a tractable cost. The 
good results of HSE for solids can be attributed to the screening of HF potential. 
The HOCO-LUCO results are much closer to the more correct TD-DFT result, if 
only for ID solids. Moreover the value chosen for the screening factor is in very 
26 
good agreement with the existence of a so-called "magic" value which let a cheaper 
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